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Chirality: the definition

Lord Kelvin (1893):
“I call any geometrical figure, or groups of 
points, chiral, and say it has chirality, if its 
image in a plane mirror, ideally realized, 
cannot be brought to coincide with itself.”

Greek word: χειρ (cheir) - hand



Light and electromagnetism

James C. Maxwell, 1831-1879

Michael Faraday, 1791-1867

Maxwell theory
is left-right 
symmetric



Gauge fields and topology

Gauge theories “live” in a fiber bundle space that 
possesses non-trivial topology (knots, links, twists,...) 

Möbius strip, the simplest nontrivial example of a fiber bundle

NB: Maxwell
electrodynamics
as a curvature
of a line bundle



Chern-Simons forms

What does it mean for a gauge theory? 



Chern-Simons theory

What does it mean for electromagnetism? 

Riemannian connection

Curvature tensor Field strength tensor

Gauge field
PhysicsGeometry

“magnetic helicity”



Chern-Simons form and 
circularly polarized light

How to describe the helicity of the circularly polarized light?

Magnetic helicity itself does not obey electric-magnetic symmetry
of Maxwell equations in vacuum:

We can however enforce this symmetry by introducing, in addition
to the magnetic helicity, the dual pseudovector gauge potential C.
In Coulomb gauge C is defined by: 

Heaviside, 1892
Larmor, 1897

Bateman, 1915



Optical helicity 
of the circularly polarized light

Electric-magnetic transformation

is induced by 

We can now define the optical helicity by adding CS terms for
A and C:

Candlin, 1965; Trueba,Ranada, 1996; Afanasiev,Stepanovsky, 1996; Cameron, Barnett, Yao, 2012



Optical helicity 
of the circularly polarized light

The optical helicity 

is invariant under electric-magnetic symmetry

It is a T-even, P-odd quantity that is conserved in the absence 
of interactions with chiral (P-odd) matter: 



Chern-Simons theory

What does it mean for electromagnetism? 

Riemannian connection

Curvature tensor Field strength tensor

Gauge field
PhysicsGeometry

“magnetic helicity”      Non-Abelian helicity
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“Topological foam” in QCD vacuum, (3+1) Dimensions
ITEP Lattice Group



Chirality	in	electrodynamics,	(3+1)D:
Maxwell-Chern-Simons	theory

Chiral current

Photons

DK, Ann.Phys. 325 (2010) 205



Chiral anomaly
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A

In classical background 
fields (E and B), chiral
anomaly induces a 
collective motion
in the Dirac sea

Adler; Bell, Jackiw; Nielsen, Ninomiya; …



Problem:

Derive the action describing a source of chirality 
descried by θ(x,t) for non-linear electrodynamics,
e.g. for Born-Infeld action:

Note: the BI action obeys the electric-magnetic symmetry

Applications include the generation of second harmonic in 
chiral nanotubes, see F.Qin, “Superconductivity in a chiral nanotube” 
Nature Comm. 2017;     WS2



Chirality in 3D:
the Chiral Magnetic Effect

chirality + magnetic field = current
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spin
momentum

DK ‘04; 
DK, Zhitnitsky ‘07
DK,McLerran,
Warringa ’07;
Fukushima,
DK, Warringa ‘08Review: DK, arxiv:1312.3348 (Prog.Part.Nucl.Phys’14)



Early work on currents
in magnetic field due to P violation

(see DK, Prog.Part.Nucl.Phys. 75 (2014) 133
for a complete (?) list of references)
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A.Vilenkin (1980) “Equilibrium parity-violating current in a magnetic field”;
(1980) “Cancellation of equilibrium parity-violating currents”

G. Eliashberg (1983) JETP 38, 188
L. Levitov, Yu.Nazarov, G. Eliashberg (1985) JETP 88, 229

M. Joyce and M. Shaposhnikov (1997) PRL 79, 1193;
M. Giovannini and M. Shaposhnikov (1998) PRL 80, 22

A. Alekseev, V. Cheianov, J. Frohlich (1998) PRL 81, 3503



But: no current in equilibrium

C.N. Yang



Chiral Magnetic Effect
DK’04; K.Fukushima, DK, H.Warringa, PRD’08; 
Review and list of refs: DK, arXiv:1312.3348

Chiral chemical potential is formally 
equivalent to a background chiral gauge field:
In this background, and in the presence   of B, 
vector e.m. current is generated:

Compute the current through

The result: Coefficient is fixed by 
the axial anomaly, no 
corrections
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arXiv:1105.0385, PRL 



Systematics of anomalous conductivities
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Vector
current

Axial
current

Magnetic field Vorticity



Chiral magnetic conductivity:
discrete symmetries
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P-even
T-odd

P-odd

P-odd

P-odd
T-odd

P-odd effect!

T-even
Non-dissipative current!
(topologically protected)

cf Ohmic
conductivity:

T-odd,
dissipative

Effect persists in
hydrodynamics!

P – parity 
T – time reversal



CME as a new type of 
superconductivity

Fritz and Heinz London

~J ⇠ µ5
~B µ5 ⇠ ~E ~B t

~E|| ~B

CME:

London theory of superconductors, ‘35:

for
superconducting
current, tunable
by magnetic field!

~E ⇠ B�2 ~̇J

assume that chirality
is conserved:

DK, arXiv:1612.05677


